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SOLUTIONS TO THE SINGULAR aa-YAMABE PROBLEM 
WITH ISOLATED SINGULARITIES 

ALMIR SILVA SANTOS 


Abstract. Given {M,go) a closed Riemannian manifold and a nonempty 
closed subset X in M, the singular o-fe—Yamabe problem asks for a com¬ 
plete metric g on M\X conformal to go with constant cr^—curvature. The 
(Tfc—curvature is defined as the fc—th elementary symmetric function of the 
eigenvalues of the Schouten tensor of a Riemannian metric. The main goal 
of this paper is to find solutions to the singular cr 2 —Yamabe problem with 
isolated singularities in any compact non-degenerate manifold such that the 
Weyl tensor vanishing to sufficiently high order at the singular point. We will 
use perturbation techniques and gluing methods. 


1. Introduction 

Since the complete resolution of the Yamabe problem by Yamabe [3S] , Trudinger 
[33] . Aubin [1] and Schoen [30], much attention has been given to the study of 
conformal geometry. To understand the problem we are interested in this work, 
first lets recall some background definition from Riemannian Geometry. Given 
a Riemannian manifold {M,g), there exists an orthogonal decomposition of the 
curvature tensor Rrrig which is given by 

Rrug = Wg + AgQg, 

where 0 is the Kulkarni-Nomizu produt, Ag is the Shouten Tensor defined as 

RiCg and Rg are respectively the Ricci tensor and the scalar curvature of the metric 
g, see uni for instance. Since the Weyl curvature tensor Wg is conformally invariant 
in the sense that W^fg = e^Wg, then to understant the conformal class of the 
metric g it is natural to study the Schouten tensor Ag. For k G {1,... ,n}, the 
(Tfc—curvature is defined as 

'^k{Ag) := 'y ^ Aij • ... • Ai^, 
l<ii<---<ik<n 

that is, ak{Ag) is the A:—th elementary symmetric function of the eigenvalue (Ai, 

• ■ • ; Ayj) of Ag. 
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The (Tfc—Yamabe problem asks for a conformal metric in a given closed Rie- 
mannian manifold {M,g) with curvature constant. Note that since ai{Ag) = 
2 (n-i) then the case fc = 1 is the classical Yamabe problem. The (7^—Yamabe 
problem has been extensively studied in the past years. We direct the reader to the 
papers i, m, m, na, m, Ea and the references contained therein. 

It is then natural to ask whether every noncompact Riemannian manifold is 
conformally equivalent to a complete manifold with constant ct/c— curvature. When 
the noncompact manifold has a simple structure at infinity, this question may 
be studied by solving the singular tTfe—Yamabe problem: Given {M,go) a closed 
Riemannian manifold and a nonempty closed set X in M, find a complete metric 
g on M\X conformal to g^ with constant <7^—curvature. For fc = 1 this problem 
has been extensively studied in recent years, and many existence results as well as 
obstructions to existence are known. See |32j and the references contained therein 
(See also [5]). 

The equation ak{Ag) = constant is always elliptic for fc = 1, while for fc > 2 we 
need some additional hypothesis, for example, a sufficient condition for this is that 
g is fc—admissible. By definition a metric g on M is said to be fc—admissible if it 
belongs to the fc—th positive cone F^, this means that 


5 e Tfe (Ti{Ag),...,ak{,Ag) > 0. 


We will produce conformal complete metric in a given closed manifold (M, go) 
with nonremovable isolated singularity with positive constant (72—curvature. Before 
write precisely our main result lets remember some well known facts about the 
C7fc—curvature. 


For 4 < 2fc < n it was proved in [9] and m that if S”\Y admits a complete 


Riemannian metric g conformal to the round metric gs" with (Ti{Ag) > c > 0 and 
a 2 {Ag ),..., cjk[Ag) > 0, then the Hausdorff dimension of X is less then or equal to 
(n — 2k) 12. On the other hand, using the estimate, obtained in |13j . namely. 



for locally conformally flat manifold and the Bonnet-Myers’s theorem, Gonzalez m 
observed that there is no singular metric in S" with positive constant (7^—curvature 
and n < 2k. In [8] the authors proved that there is no complete metric with constant 
positive (7„/2“Curvature, conformally related with the canonical metric in ]R"\{0}, 


and with radial conformal factor. For 2 < fc < n, Han, Li and Teixeira [16] proved. 


as in the case fc = 1 (see i, m and [24]), that any complete metric in S" with 
nonremovable isolated singularity, positive constant (7fc—curvature and conformal 
to the canonincal one is asymptotic to some rotationally symmetric metric near the 
singular set. Although these results are for locally conformally flat manifold, they 
motivate us to consider the singular c7fc—Yamabe problem with 2 < 2k < n. 

In [231, Marques proved that given a closed manifold {M,g), not necessarilly 
locally conformally flat, with dimension 3 < n < 5 then every complete metric 
with positive constant scalar curvature and with nonremovable isolated singularity 
is asymptotic to a radial one near the singular set. It should be an interesting ques¬ 
tion ask if there is an analogous result for singular metrics with positive constant 
(7fc—curvature. Another interested problem is related with the Hausdorff dimension 
estimate (n — 2fc)/2. For fc = 1 this estimate is sharp. In [25], the authors con¬ 
structed metrics of constant positive scalar curvature that are singular at any given 
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disjoint union of smooth submanifolds of of dimensions 0 < ki < {n — 2)/2. In 
fact, a model to the positive singular Yamabe problem is the manifold x 

which is conformal to §"'\S* and has positive constant scalar curvature equal to 
{n — 2l — 2){n — 1) for all I < {n — 2)/2, see [2] and [11]. Up to our knowledge, it is 
not known if the correspond estimate for fc > 1 is sharp. Gonzalez m has showed 
that 

_2 

/fc := sup{/> 0;Pi(0, ■ ■ ■ > 0}-)> —2 - 0{y/n), as n-)■ oo, 

where Pr{l) is the (7^—curvature of x See [T^ for more details about 

this subject. 

Only few results are known about the singular cr/c—Yamabe problem. Using a 
similar method like Mazzeo and Pacard |25] used to construct singular metrics in 
the sphere §" with positive constant scalar curvature, Mazzieri and Ndiaye p7] 
proved the following existence result: 

Theorem 1.1 (Mazzieri-Ndiaye jlTj). Suposse A C S" is a finite set which is sym¬ 
metrically balanced, that is, there exists an orthogonal transformation T € 0(n + l) 
such that T(A) = A and 1 is not an eigenvalue ofT. Assuming 2 <2k < n, 
then there exists a family of complete Riemannian metric on §"'\A with positive 
constant au-curvature, which are conformal to the standard metric in S". 

We notice that by a result in [5] there is no complete metric in S"\{p} with posi¬ 
tive constant ct/c— curvature which is radially simmetric and conformal to the stan¬ 
dard round metric. If A = {pi,... ,Pm} C §" is a finite set which is symmetrically 
balanced, then T(p) = p, where p = J^Pi ^ ^ -|- 1) is a linear orthogonal 

transformation such that 1 is not an eigenvalue of T and A is T—invariant. This 
implies that the only possibility is that p = 0, and so m > 2. 

Inspired by the construction presented in [55], Mazzieri and Segatti [55] has 
constructed complete noncompact locally conformally flat metrics with positive 
constant (7^—curvature with 2 < k < n. The method consists in performing the 
connected sum of a finite number of Delaunay-type metrics. For connected sum in 
the compact case see [5]. 

Our main result is concerned with the positive singular (T 2 ~Yamabe problem in 
the case where X is finite set which can be a single point. We will construct solutions 
to this problem under a condition on the Weyl tensor. The method which we will 
apply is based on perturbation techniques and gluing procedure. This method was 
applied in [32] to solve the problem in the case k = 1. We restrict ourselves to the 
case k = 2 since by the identity a 2 (Ag) = ^{{tigAgfi — |Ag|g) we find explicitly an 
expression to the equation (72(Ag) = constant. It is an interesting problem to solve 
the singular cr^—Yamabe problem for 3 < fc < n/2. 

The main result of this paper reads as follows: 

Main Theorem: Let (M”,(7o) be an compact Riemannian manifold nondege¬ 
nerate with dimension n > 5, go conformal to some 2—admissible metric and the 
a 2 —curvature is equal to n{n — l)/8. Let {pi,...,pm} be a set of points in M 
such that V^ijIUgg(pi) = 0 for j = 0,1,..., and i = 1,... ,m, where Wg^ is 

the Weyl tensor of the metric go ■ Then, there exist a constant £o > 0 o.n-d a one- 
parameter family of complete metrics g^ on M\{pi,... ,Pm} defined for e € (0, eo), 
conformal to go, with constant <72 —curvature equal to n{n — l)/8, obtained by 
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attaching Delaunay-type ends to the points pi,...,pm■ Moreover, —>■ t/o uni¬ 

formly on compact sets in M\{pi,... ,Pm} as e —>■ 0. 

We notice here that by a result of Sheng, Trudinger and Wang [31] for all 4 < 
2k < n the positive Yamabe problem always has a solution since the operator 
is variational and the initial metric is conformal to another one fc—admissible. But, 
by a result due to Viaclovsky (34] the operator is always variational in the case 
k = 2. Also, it is well known by [3] that for 3 < /c < n the operator is variational 
if and only if the manifold is locally conformally flat. 

The nondegeneracy is defined as follows 


Definition 1.2. A metric g with constant a 2 —curvature equal to n{n — l)/8 is 
nondegenerate if the operator Lg : —>■ is surjective for some 

a G (0,1), where Lg is defined in HI]) . Here is the standard Holder 

spaces on M. 


When the operator Lg is elliptic, we need only check the injectivity. For example, 
it is clear that the round sphere S" is degenerate because Lg^ = Cn(Agg + n) 
annihilates the restrictions of linear functions on to S", where c„ = —(n — 

l)(^-4)/8. 

Mazzieri and Ndiaye proved their theorem in the sphere, which is locally confor¬ 
mally flat. With this assumption, in the neighborhood of pi the metric is esentially 
the standard metric on R", and in this case it is possible to transfer the metric 
to cylindrical coordinates, where there is a family of well known Delaunay-type 
solutions. In our case we only have that the Weyl tensor vanishes to sufficiently 
high order at each point pi. Since the singular Ufe—Yamabe problem is conformally 
invariant, it is more convenient to work in conformal normal coordinates. As in¬ 
dicated in [20] in such coordinates we get some simplifications. The order 
comes up naturally in our method and will be fundamental to solve the problem 
locally, although we do not know if it is the optimal one. 

The organization of this paper is as follows. 

All the analysis in the paper are done considering m = 1. In Section [3] we record 
some notation that will be used throughout the work. We review some results 
concerning the Delaunay-type solutions for the constant <7^—curvature equation 
and using the right inverse found in |27] and a perturbation argument we construct 
a right inverse for the linearized operator about such solution. In Section |3| we 
work with conformal normal coordinates in a neighborhood of p, since in theses 
coordinates we get some simplifications. We use the assumption on the Weyl tensor 
to finding a family of constant (T 2 ~curvature metrics in a small ball centered at the 
singular point, which depends on n -I- 2 parameters with prescribed Dirichlet data. 
In Section|¥|we work with a metric which has constant (T 2 —curvature and we find a 
family of constant (T 2 ~curvature metrics, which also depends on n -|- 2 parameters 
with prescribed Dirichlet data. Finally, in Section |5| we put all results obtained in 
the previous sections together to proof the Main Theorem for the case m = 1. The 
fact that the metric is conformal to some one 2—admissible allow us to use elliptic 
regularity. For the general case we briefly explain the minor changes that need to 
be made in order to deal with more than one singular point. 
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2. Preliminaries 

In this section we record some notation and results that will be used frequently, 
throughout the rest of the work and sometimes without comment. 

We use the symbols c, C, with or without subscript, to denote various positive 
constants. We write / = 0'{Cr^) to mean / = 0{Cr^) and V/ = 0{Cr^~^). O" 
is defined similarly. 


2.1. Notation. Let us denote by e^, for j S N, the eigenfunction of the Laplace 
operator on with corresponding eigenvalue \j, where Aq = 0, Ai = • • • = A„ = 
n — 1, A„+i = 2n,... and \j < Aj+i with unit norm. That is. 


Agn-iCj + AjCj = 0 and \\ej\\l 




= 1 . 


Remember that {cj} is an orthonormal basis of These eigenfunctions 

are restrictions to C M" of homogeneous harmonic polynomials in R". The 
i—th. eigenvalue counted without multiplicity is i{i + n — 2). 

Let be the sphere with radius r > 0. If the eigenfunction decomposition of 
the function (p G is given by 




where (p. 


(r) = f 




then we define the projection tt" onto the high frequencies space by the formula 


OO 

K{4>){r0) := ^ 0j(r)ej(6»). 

j=n+l 


The low frequencies space on S" ^ is spanned by the constant functions and the 
restrictions to of linear functions on R". 


2.2. The constant Ufe—curvatura equation. Let (M, go) be a closed Riemannian 
manifold of dimension n > 3. Let be the Schouten tensor of the metric go 
defined in (HD. 

The so-called U/t—curvatura of (M, go)j which is a smooth function denoted by 
cTkiAgg), is defined pointwise for each p G M as the A:—th symmetric elementary 
function of the eigenvalues of the tensor Ag^ (p). Since 

CTi (AgJ = trgo (Ago) and ua (Ag^) = ^ (trg^ (Ag^) ^ - | Ag^ | ^J , 
notice that 


(2) (Ti(Ago) 


^go 

2(n- 1) 


and 0-2 (Ago) 


8(n 


n 

l)(n 



\RiCgg\l^ 
2(n- 2)2' 


The Euclidean space R" with its standard metric is CTfc—flat for any 1 < k < n, 
whereas the standard sphere S” has Ag™ = Aggn and thus 


CTfc (Agn) 


1 



for 1 < fc < n. 


For a given nonempty closet set X C M, the positive singular crfe—Yamabe 
problem amounts to find a conformal factor u G C°°{M\X) such that the metric 
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g = un- 2 fc^Q is complete on M\X and verifies 


( 3 ) crk{Ag) = 

Now we define the nonlinear operator 


in M\X. 


( 4 ) 


^go (^) 


-2k 

Ak 


/ * \ 

u^-^f^akiAg) - 


.-2k 

Ak 


2kn 

Un-2k _ 


The equation ([3]) is equivalent to 

(5) Hg^{u) = 0 in M\X, 

with a suitable condition in the singular set, for instance, the function u goes to 
infinity with a sufficiently fast rate. This equation is fully nonlinear for fc > 1. 

The operator ifgp obeys the following relation concerning conformal changes of 
the metric 

(6) H^4k/in-2k)g{u) = v~ Hg{vu). 

and the Schouten tensor obeys the following well transformation law 

2*2 


Ay4k/(n-2k)„ = An — 


2k 2kn 


n — 2k 


‘‘du du — 


’'\du\l 9 


[n — 2*)^ 

In this work we are interested in the case k = 2. So, using the second formula 
in (ED we obtain the expression for the nonlinear operator Hg^ in this case 

2 


Hgo{u) = 


n — A 
A 

n — A 


7 /^ ri _ A 

u^^2{Ag,) + y 


( 7 ) 


o . Tl ^ 

8(n-2)^®“ Ag„n+—^ 




90 '90 


RiCn 


Ti 4 Q—.O n Or—I . 


4(n-2) 


90 


l{VggU(S)Vg„U,Xl U)gg - 


i(n—l)(n —4)2 3n+4 


u\ u. 


■' 30 ^ - ■ ■ 30 “/™ ^28 

We seek a positive function which solves ©■ We will use perturbation techniques 
and gluing methods to finding this solution. Expanding Hg about a function u, not 
necessarilly a solution, gives 

Hg{u + v) = Hg{u) + L“(n) + (3“(n), 


where 


(8) 


L» = 


d 

dt 


Hg{u + tv) 


t=o 


n — 4 


i^Au — —- —R„u^ 


8(n- 2) 


n — 2 

- 1 

n — A 


in — 4)^ 


.|Vi 


n — 4 


Xv 


U^(T 2 {Ag) + m(Au)2 - ———Rgu\Vu\^ 
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+ 


n — 2 
n — A 


\VufAu- 


4) 2 


8(n - 2) 


RgU^ Au — u|V 


2„,|2 


4) 2 


4(n-2) 


u^{RiCg, V^it) — -T- —u{RiCg, Vu 0 Vu) 


n 


+ 


+ 


+ 


n — 4 

2(n-2) 
n — A 

n — A 
4(n- 2) 

2n 


(Vm (8) Vm, V^m) — 


2(n-2) 

n^(n—l)(n —4) 3n+4 

-32-1“!’^ 


^ ^ 

uVuAu -;- -RaVrVu, Vv 

4(n- 2) ® 


u^RiCn — u^V^u H--uVm 0 Vm, V^i; 

" n - 4 


n — 4 


-uV u — 


2{n-2) 


u Ricg, Vu 0 Vu 


and 

(9) 


Q“(^) = f f 


Note that, from the property dH), we obtain 


( 10 ) 




-2ku{w)=u —2'"Lr(uu;). 


It is important to emphasize here that in this work {M^go) always will be a 
compact Riemannian manifold of dimension n > 5 with constant (T 2 —curvature 
equal to n(n — l)/8 and nondegenerate, see Definition 11.21 This implies that the 
operator : C^’°‘(M) —>■ C^’°'(M) given by 

/-.-.N ~ 4 ^ ^ n(n —l){n —4) n —4 

(11) ^ao^~~o7Z ^ 


8(n- 2) 


4(n — 2) ^9o'“)so 


is surjective for some a € (0,1). In the round sphere S" we have Rgg = n(n — I) 
and RiCgg = (n— A)go, so 

1 (n-l)(n-4) 

■^90 “ =- 5 - (^90 + n)u. 


2.3. Delaunay-type solutions. In this section we recall some facts about the 
Delaunay-type solutions in the cife—curvature setting. Our solution to the singular 
(Tfc~Yamabe problem will be asymptotic to some Delaunay-type solutions. 

4k 

If 5 = S is a complete metric in R”\{0} conformal to the Euclidean stan¬ 
dard metric S on R” with constant cifc—curvature equal to 2“*^ ( ^ j, then u is a 


solution of the equation 


(12) Hs{u) = 0 in R”\{0}. 

Let us consider that u is rotationally invariant, and thus the equation it satisfies 
may be reduced to an ordinary differential equation. These metrics has been studied 
in [8], see also m- 


















ALMIR SILVA SANTOS 


Since ]R"\{0} is conformally diffeomorphic to a cylinder, it will be convenient 
to use the cylindrical background. In other words, consider the conformal dif- 
feomorphism $ : x R,gcyz) —>■ (K"\{ 0 },^) defined by $( 0 ,t) = and 

where Qcyi '■= dO'^ + dt^. Then = e~'^*gcyi ■ Define v{t) := = 

u{x), where t = — log|x| and 6 = Note that v is defined in the whole 

4fe 

cylinder and $*5 = gcyi- 

Therefore, the conformal factor v satisfies the following ODE 


(13) 



n 2kn 1 

- yn-2k 

n — 2k 


The Hamiltonian energy, given by 


(14) 


H(v, w) = 


v^- 


2k 


n — 2k 


w 


2k 


is constant along solutions of (US- We summarize the basic properties of this 
solutions in the next proposition (see Propositon 2.1 in m and Proposition 3.1 in 
[28] . see also [ 8 ]). 


Proposition 2.1. Suppose H{v,v) = Hq G 
cases: 


A 2k / n—2k \ ^ 
’ n—2k \ n ) 


then we have three 


a) If Hq = 0, then either we have the trivial solution v = 0, or v(t) = 

_ n — 2k 

cosh 2 fc for some c € M. The latter conformal factor gives rise to 

a metric on x R. which is non complete and which corresponds in fact 

to the standard metric on S"\{p, —p}- 

b) //0 < Hq < ^ 2 k ( ” 2 fc^ ) ’ then, in correspondence of each Hq, there 

exists a unique solution v of m satisfying the conditions ti(0) = 0, and 
i)(0) > 0. This solution is periodic and it is such that 0 < v(t) < 1 for 
all t G R. This family of solutions gives rise to a family of complete and 
periodic metrics on R x 

c) If Hq = ' then there exists a unique solutions to m given 

n-2k 

by v{t) = , for t G R. This solution give rise to a complete 

metric on x R and it is in fact a constant multiple of the cilindrical 
metric gcyi ■ 


We will write the solution of ([T^ given by the Proposition 12.11 when Hq > 0 
as Vg, where 0 ^( 0 ) = minoe = £("-2fe)/2fc^ Jq,. ^ g (0, ((n — 2k)/n)^) and the 
corresponding solution of (HU as Usix) = \x\^ z;e(-log|a:|). 

For our purposes, the next proposition gives sufficient information about their 
behavior as e tends to zero. Its proof can be found in [27], but we include it here 
for the sake of the reader. 
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Proposition 2.2. For 0 < e < ( " ^. Then we have that there exists a positive 

constant Cn,k > 0 depending only on n and k such that for all t gM. we have 


, \ — , , n — 2k 

Ve(t) - cosh ( t 

n — 2k 


n — 2k n- 2 k 

Ve(t) - sinh 


2k 


Veit) - 


.-2k 

2k 


n-2k 

cosh 


2k 

n — 2k 
2k 


TI. + 2fc T 

< Cn,k£^^ e" 


a + 2fc n + 2fc |^| 


-t 


a4-2fc n + 2k 


< Cnk£^^ e' 


\t\ 


Proof. Since the Hamiltonian energy H is constant along solutions of m and 
z;e(0) = e^i£~ is the minimum of Ve, then H {ve, Ve) = — e" > 0. From [8] we 

have 

(15) 

Thus 


he := - 


2k 


n — 2k 


vl > 0 . 




.-2k 

2k 


vt - I vr^'‘ + - £" 


l/k\ 


and £“ 2 ^ < Ve{t), for all t S R, implies that 

2 


vi < 


( n — 2k\ / n n-2fc \ 

2k ) ~ ■ 


Therefore, using that cosht < for all t G R, we get 

.. n — 2k X n-2k n-2k 

(16) Ve < £ cosh 1 -- 1 I < £ 2fe e 


2k 


Id 


Next, writing the equation m for Ve as 


Ve - 


in — 2kY n(n — 2fc) ^ 


4fc2 


-Ve = - 


4fc2 


V^ - 


2k 


.-2k 


l-k 


and noting that cosh ( " 2 ^^ ^) satisfies the equation 


cosh 


-2k in-2kf 


-t 


2k 

we can represent Ve as 

n-2k 

Veit) = £ 2fe cosh 


4fc2 


cosh 


.-2k 


2k 


t =0, 


n — 2k 


2k 


-t 


(17) 


i(n — 2k) n- 2 k 


4fc2 


2k 

n — 2k 




\z){vUz) 


l-k 


v^iz) ) dzds. 
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Now, since H{ve,Ve) > 0, we get from (fT4l) and (IT6l) that 


(18) 


Ve 


2kn 

ri-2k 


vl - 




1-k 


2kn 
n —2 


Ve 


a + 2fc 
i-2k 


y H{Ve,Ve)-\-V, 

^ n + 2k n+2k ui 

< £^Tr~e 2fc 1^1. 


From (fTBl) . (IT71) and (ITOl) we get that for alH > 0 

' n — 2k 


n-2k 

0 < cosh 


2k 


. Tt4'2fc 7T + 2fc J 

t - Ve{t) < 


for some constant Cn,k > 0 which depends only on n and k 
Differentiating the identity dm, we get 


(19) 

where 


, , , n — 2k n- 2 k 
^e{i) = —ri—£ sinh 


hit) = 


2k 

n{n — 2k)'^ n- 2 fc ^ 

. 

2k 

-2k 


.-2k 


t] -hit)-hit), 


e^hr^-\z) {vliz) 


l-k 


vliz) 


dzds 


and 


hit) = 


n(n-2fc)2 ft ^ 


i2k)^ 

2k 

.-2k 


e 2k t j .2k 2'= h) (vliz) 


l-k 


iliz) 


dz. 


Using m and (HID, we get for all t > 0 that hit) < and 

hit) < From this and (fT^ we obtain the second inequality. The 


third one we obtain in analogous way. 


□ 


Proposition 2.3. For any e £ (0, ((n — 2k)/n)^h^) and any x G M”\{0} with 
|a;| < 1, the Delaunay-type solution u^ix) satisfies the estimates 


Ueix) - 


\x\drUeix) + 


n-2fc 

£~^ 


2k 


\x\'^d^Ueix) - 


2fc2 


(i + N^) 

< 

Vn,k^ 

i+2fe 

2k 

X 

k 

n-2k 

2k—n 



x+2k 




xl-fT- 

< 

Vn,k^ 

2k 

X 

k 

n-2k 

1 2>=-n 

< 


%+2k 


r, 


x\-^ 

Vn,k^ 

2k 

X 

k 


for some positive constant Cn,k that depends only on n and k. 

Proof. The first inequality follows from the first one in the Proposition 12.21 and 

2^; Ti-\-2k IiI n 

noting that for t = — log|x| > 0 with 0 < |x| < 1 we have |x|“^ 
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For the second and third inequality, note that 


\x\drUeix) = ^ Ueix) - |x| log |a;|), 


2k 


and 


n — 2k n-2k . . 2k—n 

———sinh 


.-2k 


2k 


t = 


— 2k n- 2 k \x\ 


-e~ 


- 1 


Therefore, again by Proposition 12.21 we obtain 

2k — n 


, . n—2k n- 2 k 2 k-n 

\x\drUe{x) H--- £^T^\x\^^ 

Ik 


< 


2k 


2k 


n-2k 

Mx) - ^^(1 + \x\^) 


2 ^. n-2k n- 2 fc 2 fc-n , 

|a;|^J^i;£(-log|a:|)- |x|sinh 

In analogous way we get the third inequality. 


.-2k 
2k ' 


n+2fc n 

<Cn,k£^^\x\ 


□ 


For our puposes, it is convenient to consider the following (n + 2)—dimensional 
family of solution to m in a small punctured ball centered at the origin 

(20) Ue,R,a[x) := \x - a|a;H^^Ue(-21og |a;| + log|a; - a\x\'^\ + logi?), 

where only translations along the Delaunay axis and of the “point at infinity” are 
allowed (see [17]). This family of solutions comes from the fact that if is a 
solution then the functions Ui;{R~^x), Ue{x + h) and \x\~^Ue{x\x\~^) are 
still solutions in a small punctured ball centered at the origin for any i? > 0 and 
b € M". The last function is related with the inversion I(x) = x\x\~'^ of the K”\{0}. 


Corollary 2.1. There exists a constant tq € (0,1), such that for any x and a in 
K" with |a;| < 1, |a||a;| < xq, R € K+, and e € (0,((n — 2fc)/n)^/^^) the solution 
Ue,R,a satisfies the estimate 

, , ^ fri — 2k ,, 

(21) Ue,R,a{x) = Ue,R{x)+{ — - — u^^r^x) + \x\drUs^R{x) \ a-x+O 
and if R < |a:|, the estimate 


(22) 

Ue,R,a{x) = U^,r{x) + 


+0" ape 

Proof. 

First note that 


(23) 

and 

cy 2k — n 

. ,2fe-n 

X — aX = 

= |x|^^ + 

X , , 


log 

|-| - a 
\x\ 


x-2k 2k-n 


.-2k 
2k ^ 


= -a • X + 0"(|a|^|x|^), 
for |a||x| < ro and some ro € (0,1). Using the Taylor’s expansion we obtain that 


( 24 ) 


Ve ( - log |x| + log 


+ logi? ) = Ve(- log |x| + logi?) 


—u'(— log |x| + logi?)a • X + v'^(— log |x| + logi?)0"(|af |xf) 


+u"(- log |x| + logi? + ta,x)0"{\a\^\x\^) 
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for some ta,x G K with 0 < \ta,x\ < 


log 


R 


. Observe that ta,x —t 0 when 


|a||a;| —^ 0. From m and m we obtain |i;'| < Cn,kVe, |t"| < Cn,kVs- Then, 
multiplying (|2^ by (l24l) . we get (IR^ . 

For the second equality, note that if i? < | a; |, then — log|x|+logi?< 0. Therefore, 
the result follows by (HU and 

, , „ , , 2k — n . . 2fc-n , , , , 

\x\drUs,R{x) = Ue,R{x) - |a;|u,,(-log |a:| +logi?). 


□ 


Corollary 2.2. For any e € (0, ((n — and any x in R" with |a;| < 1, 

the function u^^r satisfies the estimates 


Ue^R{x) = 


£2li 


{ 2k-n n-2k , , 2fc-i 


+ 0"{R- 


4-2fc Tr + 2fc . ._ 71 , 

2^e^\x\ ^), 


2k -n n-2k n-2k 2^ 

\x\drUe,R{x) = e^^R^^\x\^^ 


, , n+2k n + 2k , , ri « 

■0'{R-^e^\x\-T:) 


and 


Proof. Directly by the Proposition 12.3 


I 19.^9 / N (n — 2k)^ n-2fc n-2k . . 2k-n „ . n + 2fc n.+2k . „ 

\x\ drUe,Rix) = — ^ e^T^R^^\x\~^ +0{R^^e^^\x\ ^). 


□ 


2.4. Function spaces. In this section we define some function spaces that we use 
in this work. This spaces has appeared in m. [E], [25] and [32]. See these works 
for more details. 


Definition 2.1. For each k£N, r>0, 0<a<l and a G (0,r/2), let u G 
C'=(B,(0)\{0}), set 


(fc,a),[(T,2<7] — sup 

\x\£:[G,2a] 



+ (t'=+“ sup 

kl,|y|e[CT,2(T] 


|V*^u(a;) - y'^u{y)\ 
lx-2/1“ 


Then, for any ^ G M., the space C^’“(i?r(0)\{0}) is the collection of functions u 
that are locally in C'^’“(i3r(0)\{0}) and for which the norm 

ll^ll(fc,a),/i,r sup fJ ^ IIrII (fc,a),[cr,2cr] 

0<cr<5 


is finite. 


Note that C^’“ C (7^’“ if fj, > d and k > I, and ||u||(/,a ),5 < C||u||(fc_a)_^ for all 
u e 0^’“. 


Definition 2.2. For each A:GN, 0 <q ;<1 and r > 0. The space zs 

the collection of functions (j) G C^(SR^) for which the norm 


is finite. 


Il</’ll(fc,a),r ll'i^’(?'-)llc'“'“(§'—!)■ 


We often will write 

^fe,a(g„-i)± _ <(</.) = </>} , 

C^’“(S.(0)\{0})^ := {u G C';’-iBr{0)\{0}); 7r"(«(s-)) = i^(s-),Vs G (0,r 


)}• 
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and 

C^’“(B.(0)\{0})^ := {u e c^-“(i?.(0)\{0});<(ix(a-)) = 0,Vs S (0,r)} . 

Next, consider {M, g) an n—dimensional compact Riemannian manifold and 'll : 
Bri (0) — >■ M some coordinate system on M centered at some point p € M, where 
-Bri (0) C K" is the ball of radius ri > 0 centered in the origin. For 0 < r < s < ri 
define Mr := M\'^{Br{0)) and n^-.s where Ar^s ■= {x S < \x\ < 

s}. 

Definition 2.3. For oZ/ fc G N, a G (0,1), 0 < r < s < n and p £ R, the spaces 
C^’“(r2r,s) and C^’°‘{Mr) are the spaces of functions v G which 

the following norms 

■= sup 

r<a<§ 

and 

respectively, are finite. 

2.5. The linearized operator about the Delaunay-type solutions. Since we 
will need of the inverse of the linearized operator, we start this section recalling the 
expression for the linearized operator about the Delaunay-type solution Vg and a 
proposition from m which gives a right inverse for it. 

Lemma 2.4 (Mazzieri-Ndiaye [H]). In the cylinder x R the linearization of 
the operator defined in 0 about the Delaunay-type solution is given by 

+ aeAe -f IT 


= Cn,kVehe^ Ce{he^ w), 


where Ag is the Laplace-Beltrami operator for standard round metric on the unit 
sphere, 


Ce 

ae 


+ ttgAg -\- Ce -\- dg, 


1 - 


n(k — 1) Hg n — k vf 
k{n — 1) h^ k{n — 1) h^ 


be 


f 2{n-k) 2k{n-l) 

\ n — 2k n — 2k ) Ve he’ 


Ce 


de 


{n—l){n—2k) n — 2k 
2fc 

k — 1 , f k — 1 

log K - 


^ + ^h 

Vf 2k 


l-k„ 


2 dt^ 


dt 


log h, 


Hf '■= H(ve,Ve) is the Hamiltonian energy, he is defined in il5\) and the constant 
Cn,k depends only on n and k. 
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For the next proposition we set 

^n,k ■ — 


2n(n — k) / n — 2k 


k{n — 1 ) 


+ 


2k 


Note that 6n,k + 1 — n/2k < 2 for all fc > 1. Define Di = (0, +oo) x S”. 


Proposition 2.4 (Mazzieri-Ndiaye [H]). Let R > 0, 7 G {—Sn,k,Sn,k) and^ > n/2. 
There exists a positive real number Eq = n,k, /3) > 0 such that for every 

£ € ( 0 ,eo]) the bounded linear operator 

© >V,(Di)]o ^ 

is an isomorphism, where We(-Di) is a finite vetorial space called the deficiency 
space, which is generated by the Jacobi fields. Moreover, if w € © 

®yVe{Di) and f G (Di)-'- ® (Di)^ verify Ce,RW = f, and, with 

the notations introduced above, we decompose w and f as 

^ 1 n 

W = + vj^ + he ^ ^ / = /-*- + /^, 

j=0 

then we have that there exists a positive constant C = ( 7 ( 7 , 7 , n, k, fi) >0 such that, 
for every £ G (0, £ 9 ], 

11'^ llc^''^(Lli) — ^11/ llc“’'^(Oi)’ 

11'^ — ^11/ 

and 

n 

£^J2\aj\ < C'll/llc«’'^(Oi)- 

j=o 


Proof A carefully reading of the proof in m we see that the constant (7 does not 
depend on i?. □ 


From this proposition we get the following 

Proposition 2.5. Let i? > 0, 7 G {—5n,k + 1 — n/2k,5n,k + 1 — n/2k) and 7 > 
n/2 + 1 — n/2k. There exists a positive real number eq = £ 0 ( 7 , 7 , n, k, jS) >0 such 
that, for every £ G (0,£o], there is an operator 

Ge,R : _„+^(Bi(0)\{0})^ © ( 7 ° 7 “ ^ (i3i(0)\{0})^ 

^ C2'“(i?i(0)\{0})^ © C|’“(i?i(0)\{0})^ 
such that for / = /■*■ + /^ G (7°’“(i3i(0)\{0})-*- © (7,^’“(i?i(0)\{0})^, the function 
w := Ge,R{f) = w-^ + solves the equation 

I L---{w)=f zn i?i(0)\{0} 

\ 7r('(ii;|sn-i) = 0 on dBi{Q) 

and the norm satisfies 

and 

11 ^ IIc 4 -’'’(Bi( 0 )\{ 0 }) — ^11/ Ilc7'^, , (Bi( 0 )\{ 0 })’ 

where G = C{'j,j,n,k,/3) > 0 is a constant. 
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Proof. Since gicyi, then using the conformal equivariance (fTUl) 

we obtain 

(25) °^ = o ^)- 

From this and Proposition 12.41 the result follows. □ 


Let / defined in i3i(0)\{0} and v solution of 

Le.R(T) = /in Bi( 0 )\{ 0 }. 

Here we are doing := 

Note that, for r > 0, if Vrix) = v{r~^x), then by Proposition 12.41 and (1^51) we 
get 

So, if we define g{x) = then 

Le,vR{Vr) = 9 VR Br{0)\{0}. 

Besides, the norm satisfies ||iir||( 2 ,a)./x.r = and ||g||( 2 .a)./x.r = 

x~^\\f\\{ 2 ,a),ii,i- Therefore we obtain the next result. 


Proposition 2.6. Let i? > 0, 7 G {—Sn,k + 1 — n/2k,5n,k + 1 — n/2k) and 7 > 
n/2 + 1 — n/2k. There exists a positive real number eo = n, k, j3) >0 such 

that, for every s € (0,eo]: there is an operator 


G. 


e,R,r 


■ c 


0 , 0 : 

7—1—n+r 




C^’“(H,( 0 )\{ 0 })^ 


(H.( 0 )\{ 0 })T 


such that for / = /“'■ + /^ G C'°’“(i3r(0)\{0})-*“ © C,y’“(i3r(0)\{0})^, the function 
w := Ge,R{f) = w-^ + solves the equation 


I Lf-^{w) = f m Br{ 0 )\{ 0 } 

\ 7 r"(ii;|sn-i) = 0 on dBj-ifd) 


and the norm satisfies 

11'^ llc^’'’(B,.(0)\{0}) — ^11/ llG“7_„+^(Sr(0)\{0}) 

and 

II^^IIc 4.''"(BH0)\{0}) - C'll/^llc'O.'S (Br(0)\{0})’ 

where C = C( 7 , 7 , n, fc,/3) > 0 is a constant. 


For the next result we define the space 

iBriO)\m := C^’“(S.( 0 )\{ 0 })^ © a^>“(i?,( 0 )\{ 0 })'^, 

with the norm 

( 26 ) \\u\\(k,a),i^i,u) ■■= r'^~'^\\u-^\\ik,a),f,, + l|M^II(fe.a),i/, 

where 7 and 7 will be given by the proposition and u = with G 

C'™’“(H^(0)\{0})-L and G C'™’“(B^(0)\{0})T. 

By a perturbation argument we obtain the next corollary. Here we define 
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Corollary 2.3. Let R > 0, a G {0, 1), 7 G {—5n,k + 1 — n/2k,5n,k + 1 — nj^k) 
and 7 > n/2 + 1 — n/2k. There exist positive real numbers Eq = n, a) >0 

and To > 0, such that, for every e G (0,Eo]) a G M" and r G (0,1] with |a|r < ro, 
there is an operator 


Ge,H,r,a : (S.(0)\{0}) ^ (S.(0)\{0}) 

with the norm bounded independently of e and R, such that for every function 
f S the function w := G,.^ji^r,aif) solves the 

equation 

Le.R.aiw) = f in Bri0)\{0} 

7r"(w;|§n-i) = 0 on dBr{0) 

and the norm satisfies 

ll'Wlll (2,a),(7,7) ^ 

where C = C{'y,j,n,k,a) > 0 is a constant. 

Proof. By Lemma 12.41 and pK]) we obtain 

||^«e.R,a(^) _ < Cn,k\a\a-^+^\\v\\(^2,a),[a,2a]- 

This inequality holds for the low and high frequencies spaces. Thus by definition 
of the norm (l26)l we get that 

||£^^e,il,a(^) _ = < C„,fc|a|r||u||(2^a),(7,7)- 

where G^.R.r is the operator given 


Therefore if we choose ro < {2cn,k\\Ge^ii, 
by Proposition 12.61 then 


\\Ge,R,a ^ G^^n^r d|| ^ a 

This implies that the operator o Ge,R,r bas a bounded right inverse given 


■.Rlll|Ge.fi..|| < 2- 


by 

00 

{Ge.R.a ^ ^ ^ (/ L^ji a O G^^Jl^r) ■ 

i=0 

and it has norm bounded independently of e, R, a and r, 

00 

II (tt' O O Ge,R,a)”' II < ^ \\Le,R,a O G^.fi.a " 1^ < 1- 

i=0 

Therefore we define a right inverse for by 

Ge,R,r,a ■— G^^ri.r {L^^R^a ^ 


□ 


3. Interior Analysis 

In this section we will explain how to use the assumption on the Weyl tensor to 
reduce the problem to a problem of finding a fixed point of a map. We will show 
the existence of a family of local solutions, for the singular (T 2 —Yamabe problem, in 
some punctured small ball centered at a point p, which depends on n + 2 parameters 
with prescribed Dirichlet data. Moreover, each element of this family is asymptotic 
to a Delaunay-type solution Ue,R,a- 
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3.1. Nonlinear analysis. Throughout the rest of the paper d = [^]. Recall 
that {M^go) is a compact Riemannian manifold with dimension n > 5, a 2 {Agg) = 
n{n— l)/ 8 , and the Weyl tensor Wgg a.t p G M satisfies the condition 

(28) V^Wgg{p)=0, 1 = 0,1, 

Since our problem is conformally invariant, in this section we will work in con¬ 
formal normal coordinates given by Theorem 2.7 in [22) . By its proof there exists 
a positive smooth function S C°°(M) such that g = T'^^go and J^{x) = 1 + f, 
with / = 0(\x\’^) in gi—normal coordinates at p. Also, since the Weyl tensor is 
conformally invariant, it follows that the Weyl tensor of the metric g satishes the 
condition (05)) . 

In theses coordinates it is convenient to consider the Taylor expansion of the 
metric. We will write gij = exp(/iy), where hij is a symmetric two-tensor satisfying 
hij = 0{\x\'^) and trhij{x) = 0(|a:|^), where N is as big as we want. In this case 
det{gij) = 1 -|- 0(|a;|^). Using the assumption of the Weyl tensor (l28l) . we obtain 
hij = Therefore, we conclude that g = Sij + 0(1x1^^+^), Rg = 0(|a;|‘^“^) 

and \RiCg\ = 0(|a;|‘^“^). 

Next lets recall from [35] the following proposition, see also HU. 

Proposition 3.1. Let /r<2, 0<r<l and a G (0,1) be constants. For each 
4> G (7^’“(S”“^)-'“ there is a function Vj, G (72’“(i?r-(0)\{0})^ so that 

( Avj, =0 in Rj.( 0 )\{ 0 } 

\ Vj) = (j) on dBr{0) 

and 

(29) lk 0 ll( 2 .a),MT ^ Cr~^\\(l)\\(^2,a),r, 

where the constant C > 0 does not depend on r 
The main goal of this section is to solve the PDE 

(30) Hg{ue,R,a + r~^\x'(^Vj) + h + v) =0 

in R^(0)\{0} C M’" for some r > 0, e > 0, R > 0, S C2’“(§”-1)-L, a S R’" and 
7 > 1 -I- n/4, with Ue,R,a + r~'^\x\'^Vj, -|- h -|- i; > 0 and prescribed Dirichlet data, 
where the operator Fig is defined in (ED and Ue,R,a in (l20l) . Here, the function h is 
defined as 

l)r-^-^\xV^^ + (7 + l)r-"+Vr-i) /, 

where / = 0{\x\'^) will be chosen later. Thus, we have h = 0(|x|'>'+^). In the 
Section [5] we will explain why to consider this function. 

Note that since IIs{ue^R^a) = 0 by the Taylor’s expansion we see that (I30l) is 
equivalent to 

Le,R,a{'^) = Le,R,ai'^) - + h + v) 

(31) 

-I- Hs{Us,R,a) - Hg{Ue^R^a) - Lg"'^'"{r '^\xpVj, + h), 

where Qe,R,a{v) '■= (5“®’^’“(t) is defined in (jlD. 
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Therefore, by using the right inverse given by Corollarv l2.31 we can find a solution 
to this equation by finding a fixed point 

V = - Q£,R,a(T“'>'|a;|'>'U0 + h + U) 

(32) 

+ {r-^\xp+ h)) . 

But, first we have to show that the right hand side of (l32l) is well defined, that 
is, all terms of the right hand side of the equation (IHTl) belongs to the right space, 
which is G°^“ __^_^^(Br(0)\{0}), for some 7 G (-( 5„,2 + l-n/4, ( 5 „, 2 +l-n/ 4 ) 

and 7 > 1 + n/4. 

Lemma 3.1. Let 7 = Sn ,2 +1 — n/4 — ei and 7 = n/4 + l + ei, where £1 > 0 is very 
small. For all v G G^/)'^j(Sr(0)\{0}) and (j) G the right hand side of 

{Up belongs to G°^“ __^_^^(B^( 0 )\{ 0 }). 

Proof. If u G C'^^'G^(i3r(0)\{0}), then u = u-*- + u''' with u-*- = 0{\x\'^) and u"*" = 
0{\x\~*). Since 7 < 7 , we have v = 0(|a;|^) and r~^\x\^V(j, + h + v = 0(|a;|^). Thus, 
using 0 we obtain 

(33) Hs{u,,H,a) - Hg{u,,H,a) = Oi\xf+^-^) = 0{\x\~-^-^), 
since d > 7 + n/4 — 2. Now, by ([ 8 ]) we get 

Ls.rAv^) - = OdxI'^+^-T) = 0 (|x|7-i-¥), 

since d + 7 > 7 — 1 , and also 

L,,rAv^) - L“-«.“(u^) = 0 (|:r|'^+^-T) = Oi\xr^-^). 

Using the definition ([ 8 ]) and ([9]) we obtain 

Qe,RAr~^A~v^ + h + v)= 0{\xA-^-^) = 0(|xr-i-^), 

since 27 — 1 + n/4 > 7 . Finally, using again ([ 8 ]) and the fact that r~'^\x\'^v^ + h = 
0 (|x|'>'+^), we obtain that 

+ h) = OdcCp-T) = 0{\xy-^-^). 

From theses estimates and the definition of the norm (1251) . we obtain the result. 

□ 


Let 7 = ( 5„_2 + 1 —n/4 —£1 and 7 = n/4+l+ei, where ei > 0 is small. To solve the 
equation (1501) we need to show that the map Ng{R,a,(j),-) : G^^d^^(-®r'( 0 )\{ 0 }) —>■ 
Gj^d' 7 )(-S»'( 0 )\{ 0 }) has a fixed point for suitable parameters e, R, a and cj). Here 
Ne{R, is defined by 

Ne(R,a,4>,v) = Ge,R,r,a{Le,RA'^) - i.v) 


(34) 


where Ge,R.r,a 


- Qe,RA^ ^IxpVcj, + h + v) 

T R-siFs^R.a) Rgine.R.a) 

- LA^'^{r-^\x\^v^ + h)), 

is a right inverse for given by Corollary 12.31 
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3.2. Complete Delaunay-type ends with constant tT 2 — curvature. In this 
section we will show that the map (IM)l has a fixed point. Next we will prove the 
main result of this section. 

Remark 3.2. To ensure some estimates that we will need, from now on, we will 
consider 

R~^ = 2 {l + b)e~^, 

with |6| < 1 / 2 . Also, we will consider r^ = , for some 0 < s < 1. 

Proposition 3.2. Let 7 = Sn ,2 + 1 — n/A — ei and 7 = n/4 -\-l+ ei be constants, 
where ei > 0 is a small constant. There exists a constant eg G (0,1) such that 
for each e G (0,£o); k > 0, r > 0, | 6 | < 1/2, a G M", 61 , 62,1 G M+ small, and 
4> G with 362 > max{(5i,/}, \a\rl~^'^ < 1 and ||</'||( 2 ,a),r < 

there exists a fixed point u G C'^^/'^)(Rre(0)\{0}) of the map Ng{R, a, (f, ■) in the ball 
of radius Tr‘l'^^~^. 

Proof. First remember that we are using the norm 

ll'^ll (2 ,q;),(7,7) — ||(2,a),7 + 11^^ ||(2,a),7- 

Then, since < 1 and 7 < 7 , we obtain that 

11^11(2,a),[cr, 2 (T] || ( 2 , 0 ;) ,7 T ^ || ( 2 ,a ),7 ^ II ^ II ( 2 ,a) ,( 7 , 7 ) • 

Note that 

Ns{R,a,(j),Q) = Ge,R,r,a{-Qe,R,a{re~^\x\'^V<l> + h) 


T bls{u^^R^a) Rg{p^e,R,a) 
- L'^/’^’-{r,-^\x\^v^ + h)) 


and 


Ne{R,a, 4 >,Vl) - Ne{R,a,(t),V2) = Ge,R,r,a {Le,R,a{vi - V2) - - 'U2) 

- J ^Qe,RAXe~'^\xpV^ + h + V 2 + t{vi - V 2 ))dt^ . 

By ([33|) we get 

a-f^+^+"-^\\Hs{u,,RA - Hgiu,,RA\\i0,o.),l..2a] < 

Since d > n/4 > 7 + n/4 — 2 then for /r = 7 we have 

(35) a-^+^+"-^r,^-AHs{u,,RA - Hg{Ue,R,a)\\iO,c.),la,2a] < 
and for = 7 we have 

(36) (T~'^'^^~^^\\HsiUe,R,a) - HgiUe,R,a)\\{0,a),la,2a] < Gr/~T~‘rs'^+’'~''^. 
Now, from (jH) we obtain 

d 

/o 


(37) 


(0,a),[cr,2cr] 


/»1 ^ 

J -^Qe,R,a{v2 + t{vi - V2))dt 

— C'cr“^“'2 (||i;i||(2,ct),[cr,2cr] + ||^^2 || (2,a) ,[cr,2cr]) 1^1 ” 'f^2i| (2,a),[CT,2(T] ■ 

Thus, using that \h\ < Gre~^~^\x'\^^^ + we have 

0-"^+l+^||(5e,R,a(Te“7|a:;|7^,^ + /») || (O.a).[< t,2<7] < 
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< (7 +2i-2i5i I+7-M+f ^^2+i-7^ 

and this implies that 

(38) \\Qe,RAre~'^\x\'^V^ + /l)||(0,a),(7-l-^,7-l-^) ^ . 

Now, by m, we have that 

||2,“e,R,a(^^-7|a.|7y^ + /l)||(0,a).[^,2^] 

( 3 n +4 \ 

O' ll^e,-R,a||(2,a),[o-,2o-] IIII (2,a) ,[fT,2(T] 1 X 

+ cr^+Ve“^+^ + 

Note that, by Corollary 12.11 we obtain that 

l|u£,R,a||(2.a),[(T,2cr] < \\Ue,R\\(2,a),[a,2(T] +C\a\A~^ 

If < |a;| < with A > 0, then 

(1 —s)loge + log(2 + 26)4^ < log(|a;|“^i?) < (1 —s(l + A))loge + log(2 + 26)4^ < 0. 
Thus, using ([T6)l . we get 

Ve{— log |a;| + log R) < e^^®(2 + 2h). 


u, 


r.R(a;) < C'|a:|^^”r£ * (2 + 26) 


\Ue,R,a\\i2,a),[a,2a] < CA « (r/ ^ + |a|cr) < Ca 


.1-5+<52 


y7+2^^-7+/-+ + ^7+V^-7+l + ct^+3^^-7-1) 


and so 

This implies that 

a-^-^+^\\u,,RAt2,c,),l.,2a]A’"^^e- 

< + cr^^2-M+7+l^^-7+l _|_ ^352-/i+7+3^^-7-l^ 

For /i = 7 , we obtain 

^-"-3+^rJ-^|K£.fl.,||f2.„)J..2.](^“^e-^|k0||(2.a),+.2+ + ||/l||( 2 ,c.).+^ 

since 3(52 > max{(5i,/}. For /x = 7 , we have an analogous inequality. 

If 0 < fj < then 


_ ^ ' e I 

which implies that for /x = 7 , we have 


..-7-3+^„ 7-711,, „ ||3 /'_7+2„ -7+J-i5i i _7+l.r “7+1 _l_ n-T'+^T -7-l'l 

7 * Te I|W£,R,o||(2,q,),[ct,2ct]+ Te + (T re + fJ ) 


< C'(re^3'-7+2)A-5i _|_ ,,^(7-7+l)A-i _|_ ,,^(7-M+3)A-iy^2+i-7 

and a analogous inequality for ^ = 7. In an analogous way we estimate the term 

3n + 4 

with u^Aa- 

Therefore, 

(39) ||L“-«-(rE-^|*|> + h)||(o.„).(^.7) < CtAtA+^-^, 
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with c > 0. From (|36)l . (l38l) . (|3^ and using inequality ([27|) given by Corollary 
12.31 we get that 

(40) ||iVE(i?,a,<)),0)||(2,„).(7.7) ^ 

for e > 0 small enough. 

Now, by ([U and using the inequality (13.21) . we find 

< Ccr''+^“''||ui - U2||(2,„).[^.2^] < - U2 II (2,a).(7,7), 

and since l + d + 7 — 7 > 0 , this implies that 

1411 \\Le,RAvi - V 2 ) - ^^'”'>1 - 

< Cr^l+'^+T' T'llui - U2 II (2, a),( 7 . 7 )- 
Now, using dSZD and the fact that 

lk^ll(2.a),[<T,2c7] < cr^re2+'"^ and ||u-^||( 2 ,c<),[^. 2 <t] < , 

for any v G C'(^;“^)(Br^(0)\{0}), we get 

^Qe,RA'^e~'^\xyv<l> + h + V 2 + t{vi - V2))dt 

(0.a),[<T.2cr] 

< C + crT'+7-l-t _p cr7+7+l-f j.^-1-7 

+Cr-2-T+27r^2-7+;^ Ikl -T2||(2.a).(7.7)- 

Therefore, we obtain 

d 




dt 


Qs,rA'^s + h + V 2 + t{vi - V 2 ))dt 


(0,Q:),[cr,2cr] 


< C'rel +7 ^+2 ||^;i - U 2 ||( 2 .a),( 7 . 7 ) 

which implies the inequality for /i = 7 and /r = 7 . 


From this and m we obtain 


1 , 


(42) ||i?e(i?,a,()),Ui) - i7e(i?,a,()),U2)||(2,a),(7,7) < ^ H'^l “ "^2 || (2.a) ,(7,7) , 

for £ > 0 small enough. Therefore, using (1401) and (H^ we obtain the result. □ 

We summarize the main result of this section in the next theorem. 

Theorem 3.3. Let 7 = Sn ,2 + 1 — u/4 — £1 and 7 = n/4 + 1 + £1 be constants, 
where £i > Q is a small constant. There exists a eonstant e G (0,1) such that 
for each £ G (0,£o), k > 0, r > 0, |&| < 1/2, a G M", 61 , 62,1 G M+ small, and 
(j> G (7^’“(S/“^)-*“ with 3^2 > max{i5i,/}, |a|r/“'^^ < 1 and ||(/>||( 2 ,a),re < KrA^~^^, 
there exists a solution G C'^^/'^^(i?r(0)\{0}) for the equation 

HgAe.R^a |a:|7^;^ + h + Ue,R,a,<l>) = 0 in i3r-^(0)\{0} 

K,AA\^P'>J4> + Ue,R,a,AdB,.^{ 0 }) = (I) on ^5^,(0) 


such that 
(43) 


||t^e,R,a,0||(2,a),(7,7),re ^ 'Tl^. 


2+i-7 
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and 

(44) ||C^e,_R,o,0i - C^e,R.a.02ll(2,a),(7,7),re < Crl‘^~^\\(j)i 

for some constant ^4 > 0 and p > 0 is small. 


(I^2\\{2,a),r, 


Proof. The solution Ue^R^a, 4 > is the fixed point of the map Ng{R,a,(j),-) given by 
Proposition 13.21 with the estimate (l43l) . 

Using the fact that Ue,R,a, 4 . is a fixed point of the map Ng{R, a,4>,-) we can show 
that 

||t^e,R,a,0i tU,R,o,(ii2 ll(2,a),(7,7) 

— 01 5 ^e,R,a,02 ) 02 i Us,R,a,(/)2 ) II (2,a),(7,7) 


+ 


d 


j,Qs,R.a{U^ R a,(j)2 U ^l^l^^(?ii+t( 02 —(^l) h'jdt 


dt 


(0.a).(7-l-^.7-l-^) 


From this and the estimates given by the proof of the Proposition 13.21 it follows 
(144)) . □ 


We will write the full conformal factor of the resulting constant scalar curvature 
metric with respect to the metric g as 

AeiR, a, 0) := Ue,R,a + rf^\x\~V 4 , + h + Ue,R,a,^, 
in conformal normal coordinates. The previous analysis says that the metric 

g = Ae{R,a,(j))^g 

is defined in Br^{p)\{p} C M, it is complete and has a 2 {Ag) = . The 

4 —n 

completeness follows from the estimate Ae{R,a, 4 >) > c|a:|^^, for some constant 
c > 0. 


4. Exterior Analysis 

4.1. Analysis in M\Br{p). In contrast with the previous section, in which we 
worked with conformal normal coordinates, in this section it is better to work with 
the constant (T 2 —curvature metric, since in this case the constant function 1 satisfies 
Hgg{l) = 0. Hence, in this section (M",5o) is an n—dimensional nondegenerate 
closed Riemannian manifold with (72 (Ag^) = which is conformal to some 

2—admissible metric. From this and using (12) we find that Rg^ > 0 in M. 

Let n G (0,1) and 41 : Br^{0) —>■ M be a coordinate system with respect to 
g = J-"-*go on M cetered at p, where R is defined in Section [3] and it satisfies 
T = 1 + 0(|a;p) in g—normal coordinates. Since = 1 + 0{\x\‘^) then {go)ij = 
6 ij+ 0 {\x\'^). 

We start this section remember a result from m (see also [H] and [5^1. 
Proposition 4.1. Assume that p G C^’“(§"“^) and let Qr{p) be the only solution 

of 

( AQr{pr) = 0 in W^\Br{0) 

\ Qriy^r) = Pr On dBr{0) 

which tends to 0 at 00 . Then 

II < Cr ||</^r||(2,a),'rj 
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if (fi is L'^—orthogonal to the constant function. Moreover, if (p = pi, where pi 

i=i 

belonging to the eigenspace associated to the eigenvalue i(i + n — 2), then 

OO 

Qr{pr){x) = 

j=i 

Consider r > 0 much smaller than ri. Let p G be a function 

orthogonal to the constant functions. Remember that Ms = M\'i>{Bs{ 0 )). 
Let Uip G Cl'°‘{Mr) be a function such that = 0 in and o vf* = 
r~^\xy Qr(TT'f.{p))ri + rjQrip — Tr"{p)), where r; is a smooth, radial function equal 
to 1 in B3r{0), vanishing in IR"\R4r(0), and satisfying \drf]{x)\ < c|a:|“^ and 
\d^r]{x)\ < c|x|“^ for all x G Br^(o). This implies that ||?7||(2,a),[(T.2(T] < c, for 
every r < a < ri. Hence, we get 

( 45 ) \\uAcl’’^(Mr) ^ cr-''\\p\\^2,a),r, 

for all 12 > 1 — n. Finally, define a function Gp G C°°{M\{p}) by Gp o = r]\x\'^~^ 
in Hri (0) and equal to zero in . 

Our goal in this section is to solve the equation 

(46) Hgg{l + AGp + Ucp + v) = 0 on M\Br{p), 

for some r > 0, A G R and p G G^’“(§"“^), with 1 + AGp + + n > 0, where 

is defined in ©• 

To solve this equations we linearize about 1 to get 

(47) Hgg{\ + AGp + Uip + n) = {AGp + Ug, + u) + Q[AGp + Ug, + v), 
since Hgg{l) = 0, where Lg^ is defined in (fTT|l and 

(48) Q[u) = f^^^Ll+^^-{u)dsdt. 

Therefore, if Lg^ has a right inverse Gr,go, then by (HZD, to finding a solution of 
the equation (|46)) it is enough to show that for suitable A G R, and p G G^’“(§"“^) 
the map Mr{A, p, ■) : G^’“(Mr) —>■ Gf'°‘{Mr), given by 

(49) Air{A, p, v) = —Gr^gg {Q{AGp + + u) + L^g{AGp + Wg,)), 

has a fixed point for small enough r > 0. 

4.2. Inverse for in To find a right inverse for we will follow the 
method of Jleli in m- 

Lemma 4.1 (See [17] and [E]). Assume that v G (1 — n, 2 — n) is fixed and that 
0 < 2r < s < ri. Then there exists an operator 

Gr,s : C°’- 2 i^r,s) ^ G2’“(H,,,) 

such that, for all f G G°’“(Hr,s), the function w = Gr,sif) is a solution of 


Aw 

= 

/ 

in 

Bs{ 0 )\Br{Q) 

w 

= 

0 

on 

dBs(Q) 

w 

G 

R 

on 

dBr{Q) 


.(/)ll 

cf‘ 


< C' 1/ 


In addition, 


24 


ALMIR SILVA SANTOS 


for some constant C > 0 that does not depend on s and r. 

Note that, since Rg^ ^ 0, in the previous lemma we can consider 
instead of A. By a perturbation argument we obtain the next lemma. 


Lemma 4.2. Assume that v and rj > 0 is fixed with v and v — rj m (1 — n, 2 — n). 
Let 0 < 2r < s < Ti be constants. Then, for ri small enough, there exists an 
operator 

Gr,s ■■ ^ 

such that, for all f € C°’“(S2r,s), the function w = Gr,sif) is a solution of 


LlgW = f 

in Bs{0)\Br{t)) 

w = t) 

on dBs{0) 

w S K 

on dBr\t)) 


In addition, 

(50) ll^»’,s(/)llc^’“(n,.,s) — 

for some constant G > 0 that does not depend on s and r. 

Proof. Note that by m we get 

LliGr,siv))-V = -^^^R^iAg, - A)GrAv) - ~ ~ Gr,s[v) 

^ ^ o ■" 

+ 4('„_ 

Thus, from 

we get 

ll-^SO (*^’’.s(^)) ~ 11 ^ 11 C'“:f'2 ' 

Therefore, for s > 0 small enough there is an inverse : G°;)* 2 (^'-,s) — 

G^'ff 2 -gi^r,s) with bounded norm. Besides, the operator Gr,s ■ G^'ff 2 -gi^r,s) —t 
G^’°‘{Llr,s) satisfies the condition 

l|GAs(/)llc^>“(a^_„) < Cr ^ll/llc”:f' 2 -„(f*^.d' 


Therefore, we have the right inverse Gr,s '■= Gr,s o {Lg^ o Gr,s) ^ ■ G^'fi2i^r,s) 
G^’°‘{Llr,s), with the norm estimate (l50l) . 


□ 


Theorem 4.3. Assume that v and p > 0 is fixed with v and v — p in (1 — n, 2 — n). 
There exists r 2 < \ri, such that, for all r G (0, r 2 ) we can define an operator 
Gr,go '. G^'ff 2 i^r) —t G^’°‘{Mr), with the property that, for all f € G^"fi 2 i^r) the 
function w = Gr,go (/) solves 

Llo{w)=f, 

in Mr with re S R constant on dBr {p). In addition 

\\t^r,go{f)\\cl-‘^(Mr) — ^ II/II C“’“ 2 (M,.) > 

where G > 0 does not depend on r. 
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Proof. The proof is analogous to the proof of Proposition 13.28 in m- 

We can take s = ri with ri > 0 small enough. Let / G and define 

a function wq G by wq := XiGr,ri (/In^.ri) where xi is a smooth, radial 

function equal to 1 in vanishing in and satisfying \drXi{'x)\ < c|a::|“^ 

and \dfxii^)\ < c|x|“^ for all x G i3ri(0). From this it follows that ||xi||( 2 ,ct),[cr, 2 (T] 
is uniformly bounded in cr, for every r < a < ^ri. Thus, 


O' ''\\wo\\{2,a),[a,2a] < CH (/|n. 


,ri 


< Cr-^\ 




Since wq vanishes in , then we get 


(^i) ll^o|lc^.“(Mr) — 

where the constant G > 0 is independent of r and ri . 

Since wq = G^.n ) in tii® function 

(52) h-.= f-Ll{wo) 

is supported in . We can consider that h is defined on the whole M with h = 0 
in and using that is bounded, we get that 

From (|5T1) 

(53) ll^llco-“(M) ^ GriT ’^ll/llc'O^y^lAfr)’ 

with the constant G^ > 0 independent of r. 

Since Lg^ : G^’“(M) —>• C°’°‘{M) has a bounded inverse, we can define the 
function wi := X 2 iLg^)~^(h), where X 2 is a smooth, radial function equal to 1 in 
M 2 r 2 , vanishing in Br^iv) and satisfying \drX 2 {x)\ < c|x|“^ and \dfx 2 {x)\ < c|a::|“^ 
for all X G i?2r2(0) and some r 2 G (r, |ri) to be chosen later. This implies that 
IIX2||(2.a),[a. 2 a-] is uniformly bounded in cr, for every r < cr < ^ri. 

Hence, from (IMI) and the fact that (Lgg)~^ is bounded, we have that 

(54) ll'a^illc^’“(Mr) — GriT ^ll/llc”:y2(Mr)’ 


since u < 0, where the constant G^ > 0 is independent of r and r 2 . 

Now, define an application Fr^gg : C°'f‘ 2 {Mr) —>■ Cl'°‘{Mr) as Fr^ggif) := wo + wi- 
From (ISTl) and (IMl) we obtain 




- l,yO\J JWCZ (Mr) 


where the constant Gn > 0 does not depend on r and r 2 . 

Therefore we get the following 

i) In Hr_r 2 we have wq = Gr^r^{f\nr r^) and wi = 0. Therefore Llg{Fr,gg{f)) = 

/. 

ii) In flr2,2r2 we have wq = Gr,ri (/In,. ^ ) and wi = X 2 L~g{h). Hence we have 
that Ll{Fr,gg{f)) =f + Ll{x 2 {Llg)-\h)). 

hi) In M 2 r 2 we have wi = {L^gg)~^{h) and by (15^ we get 

L\g{Fr,gg{f)) = L\g{wo)Fh = f. 
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Hence, using the boundedness of and ([5^ we get 



where the constant Cr-^ > 0 does not depend on r. 
Therefore 



since \ — n<v <2 — n implies that 2 — v > Q and —1 — v > 0, for some constant 
Cri > 0 independent of r and r2. If we consider r2 = 2r, then 



The assertion follows from a perturbation argument by (1551) and (l56l) . 


□ 


4.3. Constant (72— curvature metrics on M\Br{p). We will show that the map 
A4r-(A, (/?, •), given by (l4^ where Gr,go is given by Theorem 14.31 with ry > 0 small 
enough, is a contraction, and as a consequence the fixed point will depend contin¬ 
uously on the parameters r, A and p. 

Proposition 4.2. Let v S (1—n, 2—n) and rj > 0 small enough. Let /3, 7, 84 ^, 85 and 
I be fixed positive constants such that I > max{i55 , 2(54}. There exists € (0,ri/4) 
such that if r & (0,r2), A S R with |Ap < and p S which is 

L^—orthogonal to the constant functions with ||iy5||(2,a),r < then there is 

a fixed point of the map A4r(A, ip, •) in the ball of radius in C^’°‘{Mr). 

Proof. From (HHl) and Theorem 14.31 it follows that 




for some constant C > 0 independent of r, since the functions Gp, u^p and h are 
equal to zero in M\i?4r(p). 

By (gS]), we get 



So, 



with ^6 > 0. Now, by (HH) we obtain that 



and this implies that 
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Therefore 

(57) \\Mr{K^M\cl'‘'{Mr) ^ 

Now, we have 

\\M{v{) - M{v 2 )\\cl-’-^Mr) 

< Cr~^\\Q^g^{KGp + Uip+ wi) - Q]j^{KGp + + ^2)|Ic“'“2(m,.) 

= Cr-^ (llQk(^i)-QLM||co,.(M.j 
+ ll<5go(^^P + + III) - Qg(,(AGp + U^ + . 

Since r > 0 is small and ||z;i||(^ 2 ,q^^^^ < , then 

IIQgo('^l) “ Qgo(^2)||co.“(M,J 

(58) < ^(ll'*^lllc^’“(M,.) II'^2 |Ic2,Q|'^^j)||wi — 'I’2|lc2,c«('^^^ 

< C'r2+'-‘'||i;i -n2|lcJ'“(M.)- 

Now we have 

WQgoi^^P + '^<p + III) “ Qla^^^P + + Il2)||(0,a),[CT,2<T] 

<Ga ^ (|A|(T^ ^ + l|lIvll(2,a),[CT,2o-] + 11'*^! ~ '*^2||(2,C(),[cr,2cr] 

< G (a-^-^r^+i+'-i- + Hm - ii2||(2.a).[..2.]- 

Then 

"WQ^oi^^^P + Ilgj + Tl) — Qlgi^Gp + U^ + T2)||(0,O!),[cr,2cr] 

< c (r('+^5)/2 + 11^^ _ 

and this together with (l58)) implies that 

(59) \\Mr[I^,^,Vi) - Mr{X,^,V2)\\cl~’^(Mr) ^ “ ^2 |Ic^.<.(m,.) ^ 

for r > 0 small enough. Therefore, from (1571) and (l5^ we obtain the result. □ 

From Proposition 14.21 we get the main result of this section. 

Theorem 4.4. Let v G {1 — n,2 — n) and rj > 0 small enough. Let /3, 7 , 5a, 
S 5 and I be fixed positive constants such that I > {<55,(54}. There is r 2 > 0 such 
that if r G (0,r2), A S R with |Ap < r '^+’-+^5 and ip G G^’“(S”“^) which is 
L'^—orthogonal to the constant functions with ||<;3||(2,c(),r < I3r‘^^^~^‘^, then there is 
a solution Va.vj G C'y’'^(Afr) to the problem 

/ ^90 (1 “f ^Gp + Uip + V/v,i^) = 0 in Mr 
\ (ii,^ + 14,cg) o 4'|9 b^(0) - ^3 G K on dMr 

Moreover, 

and 

(61) lll^A.^, - lA,^allc=-(M.) < Cr^’^~‘'\\Tl - 71211(2,c).., 

for some constant <56 > 0 small enough independent of r. 
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Proof. The solution Va,ip is the fixed point of •) given by Proposition 14.21 

with the estimate (|60|) . The inequality (IHTI) follows similarly to (l4^ . that is, it 
follows by the estimates obtained by the proof of the Proposition 021 Q 

If g is the metric given in the previous section, then there is a function / such 
that 5o = and in the normal coordinate system centered at p with respect 

to g we have / = 1 + 0(|a;p), in fact, / = 1/J-. We will denote the full conformal 
factor of the resulting constant (T 2 “Curvature metric in with respect to the 
metric g as that is, the metric 

(62) g = BriA, go 

has a 2 {Ag) = n{n — l)/8, where 

Br{A, (fi) := f + AfGp + fUip + /Va.^s- 

5. Gluing the initial data 

By the Theorem 13.31 there exists a family of constant cr 2 —curvature metrics in 
Br^{p)\{p}, for small enough > 0, 0 < s < 1, satisfying the following: 

g = AeiR,a,(l))^g, 
with a 2 {Ag) = n{n — l)/8, where 

Ae (.S, 0) — '^e.R.a “t“ -\- h -\- 

in conformal normal coordinates centered at p, and with 

11) =2{l + h)£~^ with |6| < 1/2; 

12) (j) £ with ||(/>||( 2 ,o!),re ^ , I > 0 and i5i > 0 is small and 

K > 0 is some constant to be chosen later; 

13) |a|r/“‘^^ < 1 is small with 3i52 > max{i5i,l}; 

14) h=^ + l)r-"<+^\x\'^-^)J, with / = 0(|xp). 

15) U,,R,a,^ € C(!;“_)(B,(0)\{0}) with KAUe.R.a.^U.jo)) = 0, 7 = <5„,2 + 1 - 
n/4 — £ 1 , 7 = n/4 + 1 + £i, El >0 small, and satisfies the inequalities (l43l) 
and (l44l) . 

Also, from Theorem |T4] there exists a family of constant (T 2 —curvature metrics in 
Mr^ = M\Br^{p), given by (1621) . for small enough > 0, satisfying the following: 

g = Br^iX,p)^g, 
with (T 2 (Ag) = n{n — l)/8, where 

Br^ (A, p) = f + AfGp + fug, + fVx^ip, 

in conformal normal coordinates centered at p, with 

El) / = 1 + 7 with 7 = 0{\x\'^); 

E2) A £ R. with |Ap < with I > S 5 ] 

E3) p £ is orthogonal to the constant functions and belongs to 

the ball of radius with (3 a positive constant to be chosen later 

and (54 < /; 

E4) Va^<p £ Gl’°‘{Mr^) is constant on dMr^, satisfies the inequality (16(1 and 
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We want to show that there are parameters, R G R+, a € R", A G R and 
functions G such that 

//aq'i / Q)'5^) — ^r-e(A, (^) 

^ ^ 1 dMR,a,cl)) = drBrA^,^) 


on dBr^(p). 

First, we take / in 14) equal to / from El), (5i in 12) equal to ^4 in E3. Now, if 
we take a; and ■& in the ball of radius in with w belonging to 

the space spanned by the coordinate functions, 1 ? belonging to the high frequencies 
space, and we define p := w + d, then we can apply Theorem 14.41 to define the 
function Br,,{E,uj + d), since ||i^||( 2 .a),rj < 

Note that, by the definition of the function h in 14), we obtain 


Tt" (AeiR, a,(j))) =()) + Tt" (Ue,R,a + f) 
and by the definition of Ucp and Gp in Section [4.11 we obtain that 

'n”^{Br{E,ip)) = i? + 7r" (7 ++/mv:. +/VX.^.)- 


where we are using that 7 r')^(u,^|gn-i) = D, 7 i'r),(bA,(, 3 |§'»-i) = 0 and / = ! + /. 
Now define 


(64) 


(/>i9 


K, {{^r, (A, W + d) - Ue,R,a - /)ls^-i ) 


Lets derive an estimate for ||(/', 5 ||( 2 ,a),j-e- 
Note that, from we get 


(65) tt" (Me.fi,a|sn-i) = 0(|apr^), 

since = e®, with s G (0,1) small enough and R^~ = 2{l + b)e^~ with |5| < 1/2, 
implies that R < r^. Lets consider a G R" with |ap < r(.. Hence we have that 
|q|j,i -<53 < ^/+2 ^3 |.p 2 ero when e goes to zero, and 13) is satisfied for e > 0 

small enough. Furthermore, since lopr^ < we can show that 


( 66 ) 


IKr, {'^e,R,a\\ 




< Crl+\ 


for some constant C > 0 independent of e, R and a. 
Observe that, E2) implies 


(67) 


||<(A/|xp-t)|g„-0l|(2.a)... 


Now, using (HSl) . (ISO]) . (IMl) and the fact that / = 0{\x\’^), we deduce that 

(68) -'&\\{ 2 ,a),r, < , 


and 

for every D G 7 r"(C'^’“(§/“^)) in the ball of radius r^+P-^i and for some constant 
c > 0 that does not depend on e. Therefore we can apply Theorem [331 with k equal 
to this constant c and Ae{R, a, (j)^) is well defined. The definition (IMl) immediately 
yields 

tt" (^e(^,a,</^)ls^yi) = tt" (H^^(A,w + d)|gn-i). 
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We project the second equation of the system (IMI) on the high frequencies space, 
the space of functions which are orthogonal to eo ,..., e„. This yields a 

nonlinear equation which can be written as 

(69) Tedriv^ - us) + iSg(a, 5, A, w, I?) = 0, 

on drBr^{0), where 

. , Be = TedrU(f)^ — S T Tedr'^j-^ {Ue^R^a ) 

TreS^Tr" - A/Gp - 7M^+i))|gn-i) - rea^Tr" ((7VA,a;+^)ls;;-i)- 

Note that here and in (l64ll we are using the term h in a, •) to cancel the 

terms Vedrf and /, respectively, which does not have the right decay, see (IMl) and 
dZQl). Also the definition of u^. in Section l4.ll is important because we have the 
term r“'''|a;|'’'u0 in Ae{R, a, •). 

The map Z : G2’“(§”-1)-L G°’“(§"-1)-L defined by 

Z(^) := drivs - Qim, 

is an isomorphism (see [HI, proof of Proposition 8 in and proof of Proposition 
2.6 in [in])- On the other hand, for any S G^’“(§"“^)'*- we have 

Tedrivs - QreW)(re-) = 

where i9 = d{re-), see [H] for more details. Therefore to solve the equation (l69l) it 
is enough to show that the map 'He(a, 6, A, w, •) : Ve G^’“(5"“^)'*- given by 

■^£(0,6, A,w,d) = -Z"^(5£(a,6, A,a;,i?rJ(re-)), 

has a fixed point, where Ve := {i? G 7r"(G^’“(S"’“^)); 111911(2,a),i < p2+i-i5i| 
i?re(a;) := 'd{r~^x). 

Lemma 5.1. There is a constant eg > 0 such that if e G (0,eo), a G K." with 
lap < i’ej b and A m R with |&| <1/2 and |Ap < ^ g G^’“(§/“^) 

belongs to the space spanned by the coordinate funetions and with norm bounded by 
^• 2 +i-Si ^ t/ien the map He(a, 6, A, w, •) has a fixed point inVe- 

Proof. First note that by (1551) . (fo satisfies 

ll</o||(2.a),re < Cr^+P 

where the constant c > 0 is independent of e. 

From (1551) . (H51) . (1551) . (1501) . (15^ and (157)) and the fact that / = 0(|a;p) we obtain 

||5E(a,6, A,w, 0)||(i,„),r, < cr/+P 

for some constant c > 0 independent of e. 

Now, if i 9 i,i 92 G Ve, then 

||'HE(a,6, A,a;,i9i) - ne{a,b, A,uj,'d2)\\(2,a),i 

— O 2) II (i,Q,),re 

+ ||G5r7rrj ((0^E,R,a,<;i<,^^ J ~ ) II (1>“) Ve 

+ \\redrTr.,.^{{f{VA,ui+‘dre,l ~ ^,leJ+l5re,2)) I§;?“1 ) ll(l,a),T-e 
+ IpElSrTre ((/ai?re,l->?7-^,2) ls;?“l) 11(1,a),, 


SOLUTIONS TO THE SINGULAR (72-YAMABE PROBLEM 


31 


where, by (j 6 ^ we get 

, 1 —j ,2 “1“+ , 1 ~ U,ti;+l?re ,2 ) ) ISJJ “' 

Using the inequalities (1^ . (IHTll and the fact that / = 0(|a;p), we obtain 

~ ~ ~ ,2 ) 11 (2,a) ,7-^ — ll'*^7'e,l ~ '*^7^ ,2 11 (2,C() J 

for some constants i56 > 0 and c > 0 that does not depend on e. Using (IMl) we have 
that 

From and (ICTl) we conclude that 


j 2 ll(2,a),[^7'e,re] ^ W"^ r ^ ,l '*^7'^ ,2 || (2,a),r 


and 


||bA,aj+i?re,l rv,ti)+i?re ,2 ll( 2 ,a),[T-e, 2 r 5 ] ^ C'^'e^ 11 ,1 '^^r'e ,2 11 ( 2 ,ct) j 

for some di > 0 and ^5 > 0 independent of e. From this, (H5|) and the fact that 
/ = 1 + /, we derive an estimate as dni for the other terms, and therefore we get 

(72) ||HE(a,6, A,w,di) - 'He(a, 6, A, w,d2)||(2,a).i < - ^^2||(2.a),i, 

for all 191,192 G Vg, since £ > 0 is small enough. From this and (17^ we get the 
result. □ 

Therefore there exists a unique solution of (| 6 ^ in the ball of radius in 

(^ 2 .a(gra-i)_ denote by i^e,a,b,A,ui this solution given by Lemma ISTTl Since this 
solution is obtained through the application of fixed point theorem for contraction 
mappings, it is continuous with respect to the parameters e, a, b, A and w. 

Now, recall that = 2(1 + 5)e^^ with | 6 | < 1/2. Hence, using (1651) and 

Corollary 12.II and 12.21 we show that 


Ue,R,a{'^e0) = 1 + & + 


£2 nn /n — 4 


4(1 + 6 ) 


UsM^eO) + rdrUe,R{re0) ] a - X 


+ 0{\a\^rl) + 0{e 2 S)) 

where the last term does not depend on 6. Hence, we have 

n-4 

+ ( ^ ^ ^ Ue^R{re9) + redrUe,R{re9)\ r^a ■ 9 


+U, 


{re9) + Odoprf) + 0{e''^\e " )• 


In the exterior manifold Mr^, in conformal normal coordinate system in the 
neighborhood of dM^^, namely 1 ^^, we have 


Br^ (A, W + 'de,a,b,A,uj){re9) = 1 + Rrl ^ {r^9) + f{re9) 


+{fuu^+i>e,a,i,Aj{re9) + UVk,u 2 +^ ){re9) + 0(|A|rE =). 
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We now project the system (|63l) on the set of functions spanned by the constant 
function. This yields the equations 


(73) 


e 2 


(2-t) 


4(1 + 6) 

n-4 

e 2 


-A 

-A 


2 -¥ 


= i 7 o,e(a, 6 , A,w) 

= redrHo^^{a,h,A,uj) 


^4(1 + 6) 

where i7o,e and drHo g are continuous maps and satisfy 

(74) 77o.e(a, 6, A,a;) = 0(rg+') and r^drHo,e{a,b, A,uj) = 

Lemma 5.2. There is a constant £2 > 0 such that if e £ (0, £ 2 ), a gMT with |ap < 
anduj £ (^^’“(S""^) belongs to the space spanned by the coordinate functions and 
has norm bounded by , then the system (7^ has a solution (6, A) £ with 

\b\ < 1/2 and |A|2 < ^”+'+-5+ 

Proof. Define a continuous map Gs,a,bj ■ T^o, 

2r, 


Ge,a,uj{b,A) : = 


n — 4 


by 

drHo,eia, b, A, w) + Ho,eia, b, A, w), 


n + i + <55 

where 27 o,£ := {(^, A) £ |6 | < 1/2 and |A| < Te ^ }. 

Then, using (IT^ and r^ = £®, with s £ (0,1) small enough, we can show that 
Ge,a,i.j{TAo,e) C 27o,e5 for Small enough £ > 0. With the estimate that we have above 
we can show that this map is a contraction, and hence it has a fixed point which 
depends continuously on parameter £, a and w. Obviously, this fixed point is a 
solution of the system GSl). □ 


From now on we will work with the fixed point given by Lemma 15.21 and we will 
write simply as (6, A). 

Finally, we project the system (1631) over the space of functions spanned by the 
coordinate functions. It will be convenient to decompose uj in 


n p 

(75) w = w+i, where 0 Ji= uj{r^-)ei. 

i=i 

Hence, \uji\ < c„supgT.-i |a;|. From this and Proposition 14.II we get the system 

(76) 


F{rs)reai - Ui = Hi^s{a,uj) 

GireYeai - (1 - n)uii = r^drH,^sicL,u}), 


i = 1,... ,n, where 


n — 4 


■= —^Ue,R{rs9)+r^drUe,RireO), 


G{re) := ^^^-^Ue,R{rs9)+ ^redrUe,R{reO)+r'^d^Ue,R{reO), 

(77) = 0(rl'^'‘) and redrHi^^{a,w) = 0(rl'^'‘). 

The maps Hi^g and drHi ,, are continuous. 
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Lemma 5.3. There is a constant £2 > 0 such that if e G (0,e2) then the system 
has a solution {a, to) € K." x with |ap < r* and w given by {75^ of 

norm bounded by , 

Proof. Define a continuous map ICi^g : ^ by 

/Ci,e(ai, Wi) := ((G(rs) + (n - l)F(re))~^rf^(rsdrffi^eia, u;) + (n - 

(G(r^) + (n- l)F(re))~^F(rs)(r^drffi,e(a, uj) + (n - - ffi,e) , 

where Vi^e '■= {(ai,Wi) G hiP < n“V' and \uji\ < }, = 

l|ei||(2,a),i, F{rs) = (n - 2)(1 + b) + 0(e2-'’("'-2)) and G^r^) + (n - l)F(re) = 
n{n — 2)(1 + b) + with 2 — s{n — 2) > 0. 

From dZZl) we obtain that /Ci_e(X’i,e) C Vi^e, for small enough e > 0. By the 
Brouwer’s fixed point theorem there exists a fixed point of the map /Ci^e and this 
fixed point is a solution of the system GSD- □ 

Now we are ready to prove the main theorem of this paper. 

Theorem 5.4. Let he an compact Riemannian manifold nondegener¬ 

ate with dimension n > 5, go conformal to some 2—admissible metric and the 
a 2 — curvature is egual to . Let {pi,... ,Pm} a set of points in M such that 

V^gWgo(Pi) = 0 for j = 0,..., and i = 1,. .. ,m, where Wgg is the Weyl 

tensor of the metric go. Then, there exist a constant eg > 0 a one-parameter 
family of complete metrics g^ on M\{pi,... ,Pm} defined for e G (0, Eq) such that 

(1) each is conformal to go and has constant a 2 —curvature <J 2 {Ag^) = ; 

(2) g^ is asymptotically Delaunay near each point pi, for all i = 1,..., m; 

(3) ge —>■ go uniformly on compact sets in M\{pi,... ,Pm} as e —>■ 0. 

Proof. First we proof the theorem when m = 1 and then we will explain the minor 
changes that need to be made in order to deal with more than one singular point. 
We keep the previous notations. 

From Lemmas 15.1115.21 and 15.31 we conclude that there is eq > 0 such that for 
all E G (0,Eo) there are parameters R^, Og, iftg, Ag and (fig for which the functions 
Ag{Rg,ag,(pg) and Br^{Ag,ipg) coincide up to order one in dBr^ijf). Since go is 
conformal to some 2—admissible metric, we can use elliptic regularity to show 
that the function Ug defined by Ug := Ag{Rg,ag,4)g) in Br^{p)\{p} and Ug := 
Br,,{Ag,pg) in M\Br,,{p) is a positive smooth function in M\{p}. Moreover, since 

4 — n 

Ag{Rg,ag,(j)g) > c\x\^^, for some constant c > 0, then the function Ug tends to 

infinity on approach to p with sufficiently fast rate. 

8 

Therefore, gg := Uf'~* g is a one-parameter family of complete smooth metric 
defined in M\{p} and by Theorem 13.31 and 14.41 it satisfies i), ii) and iii). 

To proof the general case, we will just explain the minor changes that need to 
be made. We direct the reader to [32] for more details. 

The interior analysis is done around at each point pi , where we can find a family 
of metrics defined in Br^.{p)\{p}, with Si = tie, e > 0,ti G {6, and d > 0 fixed, 
i = 1 ,..., m. 

The exterior analysis is done considering some changes. First we consider con¬ 
formal normal coordinates around at point pi. Using this we define the spaces 
C'y’“(M\{pi,... ,Pm}) and C‘f,’°'{Mr) like in the Section 6 in [32]. For each (p = 
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((^ 1 ,..., i^rn) with Lpi S a function orthogonal to the constant func¬ 

tions, we define u^p € C^’°‘{Mr) such that near each point pi, the function Up is like 
in the Section o Then we proof an analog of Theorem 14.31 in this context, with 
w gM. constant on any component of dMr- 

Therefore, using again that Is conformal to some 2—admissible metric, we can 
use elliptic regularity to get the result. □ 

References 

[1] T. Aubin, Equations differentielles non lineaires et probleme de Yamabe concemant la cour- 
bure scalaire, J. Math. Pures Appl. (9) 55 (1976), no. 3, 269-296. MR0431287 (55 #4288) 

[2] R. G. Bettiol, P. Piccione, and Bianca Santoro, Bifurcation of periodic solutions to the sin¬ 
gular Yamabe problem on spheres, To appear in J. Differential Geom. 

[3] T. P. Branson and A. R. Gover, Variational status of a class of fully nonlinear curvature 
prescription problems, Gale. Var. Partial Differential Equations 32 (2008), no. 2, 253—262, 
DOI 10.1007/s00526-007-0141-6. MR2389992 (2008m:53080) 

[4] L. A. Gaffarelli, B. Gidas, and J. Spruck, Asymptotic symmetry and local behavior of semi- 
linear elliptic equations with critical Sobolev growth, Comm. Pure Appl. Math. 42 (1989), 
no. 3, 271-297, DOI 10.1002/cpa.3160420304. MR982351 (90c:35075) 

[5] G. Catino and L. Mazzieri, Connected sum construction for a]^-Yamabe metrics, J. Geom. 
Anal. 23 (2013), no. 2, 812-854, DOI 10.1007/sl2220-011-9265-l. MR3023858 

[6] S.-Y. A. Chang, M. J. Gursky, and P. Yang, An a priori estimate for a fully nonlinear 
equation on four-manifolds, J. Anal. Math. 87 (2002), 151-186, DOI 10.1007/BF02868472. 
Dedicated to the memory of Thomas H. Wolff. MR1945280 (2003k:53036) 

[7] S.-Y. A. Chang, M. J. Gursky, and P. C. Yang, An equation of Monge-Ampere type in 
conformal geometry, and four-manifolds of positive Ricci curvature, Ann. of Math. (2) 155 
(2002), no. 3, 709-787, DOI 10.2307/3062131. MR1923964 (2003j:53048) 

[8] S.-Y. A. Chang, Z.-C. Han, and P. Yang, Classification of singular radial solutions to the cr^ 
Yamabe equation on annular domains, J. Differential Equations 216 (2005), no. 2, 482—501, 
DOI 10.1016/j.jde.2005.05.005. MR2165306 (2006d:53033) 

[9] S.-Y. A. Chang, F. Hang, and P. C. Yang, On a class of locally conformally flat mani¬ 
folds, Int. Math. Res. Not. 4 (2004), 185-209, DOI 10.1155/S1073792804132133. MR2040327 
(2005d:53051) 

[10] B. Chow, P. Lu, and L. Ni, Hamilton’s Ricci flow. Graduate Studies in Mathematics, vol. 77, 
American Mathematical Society, Providence, RI; Science Press, New York, 2006. MR2274812 
(2008a:53068) 

[11] M. d. M. Gonzalez, Singular sets of a class of locally conformally flat manifolds, Duke 

Math. J. 129 (2005), no. 3, 551-572, DOI 10.1215/S0012-7094-05-12934-9. MR2169873 

(2006d:53034) 

[12] M. d. M. Gonzalez and L. Mazzieri, Singularities for a fully non-linear elliptic equation in 
conformal geometry. Bull. Inst. Math. Acad. Sin. (N.S.) 9 (2014), no. 2, 223-244. MR3237067 

[13] P. Guan, J. Viaclovsky, and G. Wang, Some properties of the Schouten tensor and applica¬ 
tions to conformal geometry, Trans. Amer. Math. Soc. 355 (2003), no. 3, 925—933 (electronic), 
DOI 10.1090/S0002-9947-02-03132-X. MR1938739 (2003h:53054) 

[14] P. Guan and G. Wang, A fully nonlinear conformal flow on locally conformally flat mani¬ 
folds, J. Reine Angew. Math. 557 (2003), 219-238, DOI 10.1515/crll.2003.033. MR1978409 
(2004e:53101) 

[15] M. J. Gursky and J. A. Viaclovsky, Prescribing symmetric functions of the eigenvalues of the 
Ricci tensor, Ann. of Math. (2) 166 (2007), no. 2, 475-531, DOI 10.4007/annals.2007.166.475. 
MR2373147 (2008k:53068) 

[16] Z.-C. Han, Y. Y. Li, and E. V. Teixeira, Asymptotic behavior of solutions to the a^- 
Yamabe equation near isolated singularities. Invent. Math. 182 (2010), no. 3, 635—684, DOI 
10.1007/s00222-010-0274-7. MR2737708 (20111:53045) 

[17] M. Jleli, Constant mean curvature hypersurfaces, PhD Thesis, University of Paris 12 (2004). 

[18] M. Jleli and F. Pacard, An end-to-end construction for compact constant mean curvature sur¬ 
faces, Pacific J. Math. 221 (2005), no. 1, 81-108, DOI 10.2140/pjm.2005.221.81. MR2194146 
(2007a:53011) 


SOLUTIONS TO THE SINGULAR era-YAMABE PROBLEM 


35 


[19] S. Kaabachi and F. Pacard, Riemann minimal surfaces in higher dimensions, J. Inst. 

Math. Jussieu 6 (2007), no. 4, 613-637, DOI 10.1017/S1474748007000060. MR2337310 

(20081:53006) 

[20] M. A. Khuri, F. C. Marques, and R. M. Schoen, A compactness theorem for the Yamabe 
problem, J. Differential Geom. 81 (2009), no. 1, 143-196. MR2477893 (2010e:53065) 

[21] N. Korevaar, R. Mazzeo, F. Pacard, and R. Schoen, Refined asymptotics for constant scalar 
curvature metrics with isolated singularities. Invent. Math. 135 (1999), no. 2, 233-272, DOI 
10.1007/s002220050285. MR1666838 (2001a:35055) 

[22] J. M. Lee and T. H. Parker, The Yamabe problem. Bull. Amer. Math. Soc. (N.S.) 17 (1987), 
no. 1, 37-91, DOI 10.1090/S0273-0979-1987-15514-5. MR888880 (881:53001) 

[23] A. Li and Y. Y. Li, On some conformally invariant fully nonlinear equations. Comm. 

Pure Appl. Math. 56 (2003), no. 10, 1416-1464, DOI 10.1002/cpa.l0099. MR1988895 

(2004e:35072) 

[24] F. C. Marques, Isolated singularities of solutions to the Yamabe equation. Calc. Var. 
Partial Differential Equations 32 (2008), no. 3, 349-371, DOI 10.1007/s00526-007-0144-3. 
MR2393072 (20106:35134) 

[25] R. Mazzeo and F. Pacard, Constant scalar curvature metrics with isolated singularities, 
Duke Math. J. 99 (1999), no. 3, 353-418, DOI 10.1215/S0012-7094-99-09913-1. MR1712628 
(2000g:53035) 

[26] R. Mazzeo, D. Pollack, and K. Uhlenbeck, Connected sum constructions for constant scalar 
curvature metrics, Topol. Methods Nonlinear Anal. 6 (1995), no. 2, 207-233. MR1399537 
(97e:53076) 

[27] L. Mazzieri and C. B. Ndiaye, Existence of solutions for the singular Yamabe problem, 
preprint. 

[28] L. Mazzieri and A. Segatti, Constant af^-curvature metrics with Delaunay type ends, Adv. 
Math. 229 (2012), no. 6, 3147-3191, DOI 10.1016/j.aim.2012.02.007. MR2900438 

[29] F. Pacard and T. Riviere, Linear and nonlinear aspects of vortices. Progress in Nonlinear 
Differential Equations and their Applications, 39, Birkhauser Boston, Inc., Boston, MA, 2000. 
The Ginzburg-Landau model. MR1763040 (2001k:35066) 

[30] R. Schoen, Conformal deformation of a Riemannian metric to constant scalar curvature, J. 
Differential Geom. 20 (1984), no. 2, 479-495. MR788292 (861:58137) 

[31] W.-M. Sheng, N. S. Trudinger, and X.-J. Wang, The Yamabe problem for higher order cur¬ 
vatures, J. Differential Geom. 77 (2007), no. 3, 515-553. MR2362323 (20081:53048) 

[32] A. Silva Santos, A construction of constant scalar curvature manifolds with Delaunay-type 
ends, Ann. Henri Poincare 10 (2010), no. 8, 1487-1535, DOI 10.1007/s00023-010-0024-9. 
MR2639545 (20111:53063) 

[33] N. S. Trudinger, Remarks concerning the conformal deformation of Riemannian structures 
on compact manifolds, Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), 265-274. MR0240748 
(39 #2093) 

[34] J. A. Viaclovsky, Conformal geometry, contact geometry, and the calculus of variations, 
Duke Math. J. 101 (2000), no. 2, 283-316, DOI 10.1215/S0012-7094-00-10127-5. MR1738176 
(20016:53038) 

[35] H. Yamabe, On a deformation of Riemannian structures on compact manifolds, Osaka Math. 
J. 12 (1960), 21-37. MR0125546 (23 #A2847) 

Universidade Federal de Sergipe, Centro de Ciencias Exatas e Tecnologia, Departa- 
MENTO DE Matematiga, Av. Marechal Rondon s/n, Sao Crist6vao-SE, 49100-00, 

E-mail address: arssSufs.br 



